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A very simple perturbative numerical (PN) algorithm is developed for the solution
of the radial Schrédinger equation, using first order perturbation theory along the
lines previously developed by Gordon. This algorithm uses the same basic approximation
(a step function approximation for the potential well) as that recently reported by
Riehl, Diestler, and Wagner (10). It shows, however, an O(h°) rate of convergence in the
step size k, as compared to the O(h*) rate of convergence of the algorithm given in the
above cited reference. In the present paper we report a new feature of the PN approach
to the solution of the Schrédinger equation, namely, the remarkable stability of the
present PN algorithm against the round off errors. A comparison with the Numerov
method for eigenvalue problems proves the high efficiency of the present algorithm.

1. INTRODUCTION

When applied to simple quantum systems (e.g., molecules, nuclet), the adiabatic
(Born—-Oppenheimer) approximation reduces the problem of solving the
Schrédinger equation to that of solving the one-dimensional second-order linear

equation
L(r) y(r) = [d&/dr® — f(r)] y(r) =0,
0 <r< 400,
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where

f(r) =ur) —e, €)
u(r) = QuiAV(r) + 10+ D], e = Qu/®) E,

with the usual meaning of the parameters.

In the present paper we shall confine our attention to the bound states, which
are defined as those solutions of (1) which satisfy the following boundary condi-
tions:

»0) =0, 4
lim y(r) = 0. (%)

The problem (1)~(5) is a singular Sturm-Liouville problem; closed form solutions
for eigenvalues and eigenfunctions are available only for a few classes of poten-
tials [1, 2]. It is therefore necessary in general, to look for approximate solutions.
Numerical methods for solving (1) can be divided along three different lines: (a)
approximate the differential operator d%/dr?® by a difference operator and reduce (1)
to a set of algebraic equations [3]; (b) approximate the unknown solution y(r), as
well as its first order derivative y’(r), by Taylor series [4], or, more generally,
develop them in series using a basis of spline functions [5], and evaluate the coeffi-
cients of these series by recurrence; (c) approximate the coefficient f(r), (in fact, the
reduced potential u(r)), by an expression f(r), (i(r)), for which the differential
equation can be solved exactly.

The third approach was ignored until the late sixties, when it was finally recog-
nized [6-8] to lead to very efficient algorithms for the solution of (1). Since then,
important progress was made on this way [9-13], and several problems of quantum
mechanics and of mathematical physics were solved [14-17].

Gordon [6] was the first to go a step further, namely, to exploit perturbation
theory in order to improve the solution furnished by the alternative (c). However,
he insisted upon the piecewise analytic character of the solution, rather than on
its perturbative character. This aspect was emphasized only quite recently [9, 10].
Thus, the papers [6-13] propose each a perturbative numerical method (PNM, PN
method). In fact, two classes of PN methods were investigated. In order to dis-
tinguish between them, we shall observe that the perturbative series giving y(r) and
y'(r) are uniquely determined by the choice of the approximating function f(r)
(@(r)). Therefore, a PNM is fully characterized by this choice. Thus, the PN methods
reported in references [7-10] are step function PN methods (SF-PNM, SF-PN
methods), while that reported in references {6, 11] is a piecewise continuous linear
Sfunction PN method (PCLF-PNM).

Comparisons have been reported until now, for scattering problems, between an
SF-PNM and the well-known Numerov method [10], and between the PCLF-PNM
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of Gordon and the same Numerov method [18]. The authors of these studies con-
clude that, in general, the Numerov method would be preferable to the PN methods.

In the present paper, our aim is twofold. First, we derive an improved SF-PN
algorithm of a remarkable simplicity, which shows, using first-order perturbation
theory, an O(/°) rate of convergence in the step size h, one order better than that of
the SF-PN method of [10]. Second, we compare our algorithm with that produced
by the Numerov method for the eigenvalue problem, and prove the existence of a
new feature of the perturbative approach, ignored until now. Namely, our investiga-
tions in the region of the very small step sizes show a remarkable stability of the
computed eigenvalues against the round off errors, in contrast with the instability
exhibited by the Numerov method.

The paper is organized as follows. In Section II, we reformulate the numerical
problem (1)~(5) so as to deal everywhere with finite quantities only. The principle
of implementation of our SF-PNM is discussed in Section III. Then, in Section IV,
the first-order perturbative corrections are evaluated and the practical algorithm
(33) is written down. The error analysis performed in Section V proves that the
rate of convergence of this algorithm is @(h%) in the step size A, the maximum
possible rate of convergence for this case [13]. Section VI is devoted to practical
considerations and to the discussion of the numerical results produced by the
present SF-PN method and the Numerov method.

1I. IMPLEMENTATION OF SINGULAR STURM-LIOUVILLE PROBLEMS ON COMPUTER

In order to be able to implement an algorithm of the problem (1)(5), we have
to reduce the infinite domain (2) to a finite one,

[rO > rn]9 (2’)

over which the real or complex valued reduced potential function u(r) has bounded
variation.

First, at r = 0, difficulties arise when a singularity occurs in u(r) (e.g., because
of the presence of Coulomb and/or centrifugal terms). The standard way for
removing them [20], is based on the existence of a convergent power series for y(r)
in a neighborhood [0, r,] of the origin, so that u(r,) does not overflow the allowable
range of the computer. Then, the beginning of the domain (2) is moved from r =0
at r = r, , while the boundary condition (4) is replaced by

¥(re) = Yo )

with y, known from the power series expansion.
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Second, the infinite right-hand side of the domain (2) has to be replaced by a
finite quantity r,, . This problem can be solved in two distinct ways. Canosa [8, 16]
and Hajj et al. [22] cut the domain (2) at a point r,,” where, in view of (5), the solu-
tion y(r,") becomes “negligible.” Tarp [20] and Ixary [21] use the available informa-
tion about the exponential decrease of the solution y(r) in the asymptotic region,
which seems to provide a value r, sensibly smaller than r,’ (see, e.g., the numerical
example investigated in [21]). An important point is, however, obscure in [20, 21],
namely, the numerical definition of the asymptotic region. We get an unambiguous
definition of it in the following way. For every e # 0, we write f(r), Eq. (3) in the
equivalent form,

f(r) = —e[l —u(r)/e],
and observe that as the reduced potential satisfies the boundary condition,

the ratio | u(r)/e | can be made smaller than any given quantity n > 0, provided r is
large enough. Due to this fact, on a computer with a ¢ digit binary mantissa, the
difference 1 — u(r)/e equals unity as long as r reaches a value r,, for which

lu(r)l <27'|e]. (6)

As a consequence, for every r > r, , the computed f(r) equals —e, and the com-
puted solution shows asymptotic behaviour. Therefore, Eq. (6) provides us with a
necessary and sufficient condition for the choice of the finite upper limit 7, of (2).
Of course, if we wish results with a relative accuracy » > 2%, the condition (6) can
be relaxed to

lulr)l <mnlel, n=27 (6)

Atr =r,, y(r,) and y'(r,) behave as decreasing exponentials, and this provides
us with the boundary condition which replaces (5),

F(ry, €) = y'(ra) + [u(rn) — e/ y(r) = 0. ()

In this way, the original problem (1)-(5) has been put in a form which is suitable
for the computer. For the sake of simplicity, we shall use a shooting method
[23, 24]), and we shall replace the Sturm-Liouville problem by the following
Cauchy problem:

LiN)yry=0, refr,rl M
W) =0, V(r) =y, @®)
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where the derivative y'(r,) is chosen at will; it can be fixed at the end by the condi-
tion of normalization of the eigensolutions of (1). The energy values for which (5"
is satisfied will provide us with the eigenvalues of the Sturm-Liouville problem.

ITI. TE STEP FUNCTION PERTURBATIVE NUMERICAL METHOD

The domain [r,, r,] is divided in n arbitrary intervals,

[ri1, il i=12..,n,
by the mesh points
rl,rz"-'yrn—l-

The solution of the Cauchy problem at the end of the first interval provides us
with initial conditions for the second interval, and so on. Therefore, a Cauchy
problem is solved within each interval

[ries, ril i=12.,n

As the label i of the interval is immaterial, we shall consider a single interval, of
length A, called thereafter [a, b]. On this interval, the reduced variable

d=r—a, ée[0, A, )]
is introduced, and the Cauchy problem reads

L(a + 8) y(a 4 8) =0, (10)
e =y.,, Y@=y, (11)

In the frame of the perturbative approach, the operator L(a + 8) is divided into
two parts,

L(a + 8) = Ly(a + 8) — Ly(a + 9), (12)
Lya + 8) = d%/d8® — i -+ e == d*/dd® — f = d?|dd% — w?, (13a)
Li(a + 8) = u(a + 6) — it = w(d), (13b)
so that (10) becomes
Ly(a + 8) y(a + 8) = Ly(a + ) y(a + 9). (14)

*

A. Summary of the Zeroth-Order Approximation

If the right-hand side of Eq. (14) is neglected, the zeroth-order approximation
of SF-PNM is obtained. This approximation was fully investigated in [9] and the
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results which are of interest for the implementation of perturbative corrections are
listed below.

Among the various analytic representations of the solution of the zeroth order,
denoted y9(a + 6), the following was proved to be the most suitable for computa-
tions:

Ya + 8) = £(8) yo + 8£:(9) y., (15a)

where
£1(9) = [exp(wd) + exp(—wd)]/2, (16a)
£4(8) = [exp(wd) — exp(—w8)]/(2w8). (16b)

From (15a), the first-order derivative is obtained,
Y@ + 8) = w?d,(8) y, + £(8) ya'- (15b)

The optimal constant i, i.e., that iz for which the errors associated to y°(b) and
y'9’(b) are minimized, is given by [9],

@

U = m§=:0 (m—jlgﬁ ru™(a),  u™a) = d™u(a)/dé™, (17a)

or, equivalently,

i =) [ ula+ 8) db. (17b)

The zeroth order approximation results in a second-order method {7-9, 19].

B. Perturbative Corrections

Having the solution of the zeroth-order approximation, the original equation
(14) can be solved formally by the method of the variation of the constants
[25], which yields the same result as that obtained by Gordon [6] via a Wronskian
method, namely,

Wa + 8) = £:(8) pi(a + 8) + 8£,(8) pala + 9), (18a)
Y'(a + 8) = w?&,(8) py(a + ) + &(3) paa + 3). (18b)

Here, the quantities p, and p, can be found as perturbative series [6],

plat =Y pPa+s, s=12 (19)
%=0
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where the coefficients p{¥', s = 1, 2, are given by

p%a -+ 8) = p{™a) = y,, (202)
pPa + 8) = pP(a) = y./, (20b)
pa + )

= (1 [ o, (o) 81 )

X [E@) P V@ + 8) + 8,.6G) pF V@ + 8)],  k=1,2.. (1)

If the series (19) are cut at the first-order terms, the zeroth-order approximation
(15) is found again. If these series are cut at p{* and p{*¥' respectively, then the first
k orders of the perturbative corrections are included in (18). The kth order correct-
ions are given by k-tuple integrals, whose evaluation becomes more and more
difficult as & increases. Moreover, the addition of higher order terms is expected to
result in a hardly manageable algorithm.

Fortunately, due to the optimal choice (17) for #, the first order corrections lead
to a particularly simple algorithm, Eqs. (33) below, which shows a rate of con-
vergence O(h*) over the domain [ry, r,,}, the best among a/l the SF-PN algorithms
reported until now. (Compare with the rate of convergence @O(4?) of the zeroth-order
approximation of SF-PNM [6, 9, 19, 21], and with the rate of convergence O(h3) of
the SF-PN algorithm recently reported in [10].)

IV. EVALUATION OF THE FIRST-ORDER PERTURBATIVE CORRECTIONS
THE PRACTICAL ALGORITHM

The addition of the first-order perturbative corrections to the zeroth order
approximation of SF-PNM gives,

y™a + 8) = ya + 8) + yP(a + 8) = [£4(8) + ()] ya

+ [6£x8) + J2(8)] ya, (22a)
Y@ +8) =y (@ + 8) +y'(a + 8) = [w*B(8)
+ J5(8)] ya + [E8) + LB vds (22b)
where,
J1(8) = 302D(8) £,(3) — Iy(9), (23a)
Jy(8) = 28%D(8) {y(8) + 2K(9), (23b)
J5(8) = 38D(B)[£:(8) + £:(8)] — 2wK(9), (23¢)

Ju(8) = 382D(3) &,(8) + 15(9). (23d)
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Here we have denoted,
D(3) = L(3)/5 — a, (24a)
K(3) = {I58) + [5(3) — 30u(a + 3) — $du(a)] £:(9)}/2w)> (24b)

The quantities I, , I, , and ; denote the following integrals,

5®) = [ s, u(a + 8, (252)
5(®) = —(112) [ db ula + 3 — 28) &6 — 28)), (250)
168) = ~(112) [ dbyu'(a+ 8,)6 — 28,) &5 — 28). (250)

The function {y(8) is defined in terms of &, and ¢, as follows:
£o(8) = [£:(0) — £:(8)]/(2wd)>. (26)

Using the Taylor series expansion for u(a -+ §),
u(a + 8) = Y (1/m!) 8™u"(a), @7
m=0

we get after some algebra,

DE) = ¥ (1f(m + 1))E" — ™) um(a), (28)

L(8) = C(B) §,(®) +1tM(3),  K(§) = 10(8), (29)

C@®) = i (1/m?) §m+2ym(@) = [u(a + 8) — u(a)] 8¢, (30)

t9(8) = i t906), s=0,1, (31)

t(d) = i ((m + p)l/mWm + 2p + 1)!) utmi2etal(q) dm+2r+30 (§),  p=1,2,..
8(8) = [644(8) — (1/2) £:(8))/(2wd)?, (32a)

Lp2(8) = [2Q2p + 5) Lp1a(8) + L,(3))/Qwd)’,  p=0,1,2,..  (32b)

The functions {, are all finite as | w | — O (see the Appendix).



A PERTURBATIVE NUMERICAL METHOD 9

A considerable simplification of the expressions of y and 3, Egs. (22), is obtained
observing, first, that the terms ¢/9(8) Eq. (31), give high-order contributions (see
error analysis in the next section) and can be dropped out without affecting the
order of convergence of the numerical method, and second, that at 8§ = A, D(h) = 0.
Then, the initial conditions for the Cauchy problem on the next interval are given
simply by

W(E) = [E() — Ch) LM y, + héB) v, (332)
W00 = *h& (D) y, + [§() + C) L)y, (33b)

V. ERROR ANALYSIS

In this section we shall consider the local truncation errors

T(h) = y(b) — y{P(b) = T k) + C(h) {,(h) (34a)
and
T, N(h) = y'(b) — y,P(b) = T'O(h) — C(h) L(h) (34b)

and we shall show that both are @(h5), therefore the order of accuracy [26, p. 31] of
the present SF-PN method is four. In (34)

TO@) = ya + &) —ya +3), d€l0,A], (35a)
and

T'O@) =y'(a+8) —y™@+38), 8¢€[0,7] (35b)

are the local truncation errors associated to the zeroth-order approximation of the
perturbative approach.

The present error analysis is a straightforward extension of that performed in [9]
for the zeroth-order approximation and consists of the following steps.

(i) Leaving undetermined for the moment the quantity f = & — e, Eq. (13a),
and using Taylor series about the beginning of the interval [a, b] for the quantities
involved in Eq. (35), the local truncation errors 7(8) and T"®(8) are evaluated as
power series in 6.

(i) Minimizing the local truncation errors T*9(8) and T'®(8) with respect to
f at 8 = h (where initial conditions are produced for the Cauchy problem on the
next interval), the expression (17a) is obtained for the step function approximation
ii. The quantities T'®(#) and 7”©(h) are obtained as power series in 4 as well [9].
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(iiiy Expanding in Taylor series the product C(h) {,(#), the local truncation
errors (34) are finally obtained:
TPy = — [0 + {22 X 61 + 502 X T}y,
+ [209%h) — £2R7(2 X TH] yo" + ORP), (36a)
T,0(h) = — [2ftO(h) + B35 + 51/, hI6! + (O Sy
+ 25023 + THA2) BT ya + [10(R)
+ B{fE2 % 6Y) + 9ALh/(2 X THH v’ + O(FF).  (36b)
Here, f,, = d™f(a){dé™, m =0, |, 2,..., while

1) = —Il(fors + Sors HIDI6! + (fass
+ foSeus/ D BTN + O,  s=0,1 37

are just the first-order corrections (31) which were dropped out from the practical
algorithm (33). Thus, the statement that the order of accuracy of the present
SF-PNM is four was proved.

We have to stress the essential role of the error analysis in ensuring a simple
fourth order PN algorithm. A comparison with the PN algorithm recently reported
by Riehl, Diestler, and Wagner (RDW) [10] will best illustrate this point.

(a) In our approach, the step function approximation &, Eq. (17), is yielded
by the error analysis. In [10], & is chosen intuitively. In our notation, this choice

writes
lrpw = U(a + h/2). (38)

The perturbative correction w(8), Eq. (13b), chosen in [10], can be rewritten in
our notations

wrow(8) = (8 — h/2) w'(a + hj2) + (1)@ — A2 u'(a + 4[2),  (39)

where primes indicate derivation with respect to 8. Expanding éirpw and wrpw(d)
in Taylor series about the beginning of the interval [a, b], we get for their sum,

iirpw + Wrow(8) = (@) + SuV(a) + (1/2) 8u*(a) + (h/48)(125

— 66h + W2 u®(a) + -, u™(a) = d™u(a){dé™, (40)
i.e., it coincides with the exact potential u(a + 8), Eq. (27), in the first three terms
only. In contradistinction to this, our first-order perturbative corrections J,(8),

Egs. (23), were evaluated taking for w(3) the exact expression (13b), with u(a -+ 9)
given by the infinite Taylor expansion (27). It is this difference which makes the
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PN algorithm of [10] to be O(4%) on [r,, r,] while our PN algorithm is 0(h*) on
[r 0> r n]'

(b) The error analysis helped us to simplify considerably the PN algorithm
(33), first, by including higher-order terms in the zeroth-order approximation
through i, and, second, by showing the uselessness of the corrections
19(3), Eqgs. (29), (31), which were dropped out without loss of accuracy. Thus,
our algorithm (33) involves a single perturbative term, 4-C(h) {o(h), in contra-
distinction to the PN algorithm of [10] which contains several perturbative correc-
tions (see the Appendix of that paper).

(c) For the potentials under investigation in this paper (Section VIA), a
very considerable decrease of the computing time was obtained provided the
potential related quantities were computed only once at a given step size, and then
stored (Section VIB). The present PN algorithm requires the storage of two quanti-
ties, u, Eq. (17), and C(h), Eq. (30), while the PN algorithm of [10] requires the
storage of three quantities, u(a + h/2), Eq. (38), u'(a + h/2), and u"(a + h/2),
Eq. (39).

We may therefore conclude that our PN algorithm is more efficient than that
reported in [10] as it concerns the rate of convergence, the computing time, and
the storage area required on computer.

VI. NUMERICAL RESULTS

A. Reference Eigenvalues

We have investigated numerically the eigenvalue problem (1)-(5) for the s states
of two potentials: the optic potential considered by Bencze [2] and the Morse
potential [27]. For both of them analytic expressions exist for the eigenvalues
([2] and [28], respectively).

The optic potential is a sum of Woods—Saxon and derivative Woods—Saxon
terms,

u(r) = /(1 + 1) — (ufao) 1/(1 + 1)%, (41)
1 = exp[(r — ro)lao).

Here, u, , ry , and g, are real or complex adjustable parameters. In the present work
we have taken

Uy = —50fm2 r,=7fm, a,=0.6fm. (42)

This potential has 14 bound states, given in Table I with 11 exact decimal figures.
These reference eigenvalues have been computed from Bencze’s analytic result [2]
(which gives the eigenvalues as zeros of the S matrix), in double precision, on an
IBM 370/135 computer at the Institute of Atomic Physics, Bucharest, The execution
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TABLE I

Reference Eigenvalues for the Optic Potential (41)-(42)
Computed from the Analytic Result of Bencze [2]

Figenvalues (fm~2)

fi

ey = —49.457 788 728
e = —48.148 430 420
e, ~ —46.290 753 954
e; — —43.968 318 431
ey = —41.232 607 772
es = —38.122 785 096
€5 = —34,672 313 205
e, = —30.912 247 488
s = —26.873 448 915
e, = —22.588 602 257
—18.094 688 282
e = —13.436 869 040
e = —8.676 081 670 4
e1s = —3.908 232 480 8

i

i

i

if

if

if

If

It

€10

i

i

TABLE 1I

Reference Eigenvalues for the Morse Potential
(43), (45), Computed from Eq. (44)

Eigenvalues (A2

e, = —178.798 538 35
—160.283 425 63
—142.780 060 34
—126.288 442 49
= —110.808 572 07

S0
(T

es = —96.340 449 093
eg = —B82.884 073 546
e = —70.439 445 434
es = —59.006 564 758
ey = —48.585431 516
e = —39.176 045 710
e, = —30.778 407 338
ey = —23.392 516 401
eis = —17.018 372 900

—11.655 976 833
e —7.305 328 201 7
e = —3.966 427 005 1
e = —1.639273243 5
e =  —.323 866 916 99

a
-
II

I
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of the program was repeated, in double precision too, on a CDC 3800 computer at
the Computing Centre of the University of Geneva, and yielded the results which
are given in Table I as well.

The Morse potential [27-30, 22],

u(r) =Dt(t —2),  t=expla(r, — )], 43)
has the eigenvalues (see, e.g., [28])
ex = —D[l — a4k + D, (44)

which can be easily evaluated to any desired accuracy. Fixing the parameters D, a,
and r,, respectively to

D =188.4355A2, a=0.711248 A, r, =1.99754A, (45)

19 bound states are found, which are given in Table I with 11 exact decimal
figures.

B. Practical Considerations

The eigenvalue problem (1)-(5) has been implemented on computer, in the
manner described in Section II, in FORTRAN 1V, both for the present SF-PNM
and for the Numerov method. A special subroutine was created for the computa-
tion and storage of the mean reduced potential #;, Eq. (17), and of the quantities
Cy(h), Eq. (30), in the case of the SF-PNM or of the reduced potential #; = u(r;) in
the case of the Numerov method. In this way, for the two potentials quoted above,
a considerable decrease of the computing time was obtained, namely of a factor of
about six for the SF-PN method and about five for the Numerov method.

A very important point concerns the formula used in practice to compute the
mean reference potential #. An inspection of the results produced by the error
analysis shows that if we really wish to get an O(4°) rate of convergence for the PN
algorithm (33), we have to keep in the series (17a) at least the first four terms.
Suitable integration formulae of the equivalent expression (17b) which satisfy to
this requirement and use evaluations of u(r) only are the closed Newton-Cotes
formulae [25, Section 1.5]. The numerical results reported in this paper have been
obtained using the Newton-Cotes formula

i = [19u(@) -+ u(d)} + T5(u(a + h5) + u(b — h[5)}
+ 50{u(a + 2h/S) + u(b — 2h/5)}]/288, (46)

which coincides with (17a) in the first six terms when developed in power series.
The reduced energy ranges over which the eigenvalues were searched for were

[emin , €max] = [—50 fm—2, —0.2 fm~2?] (47a)
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for the optic potential, and
[emin , emax] = [—180 A-2, —0.2 A-?] (47b)

for the Morse potential.
The eigenvalues of the problem (1)—~(5) are simple. Therefore, the reduced
energy range [emin , €max], can always be divided in smaller intervals

[émin , €max] = Z [e;cnm egcnaX] (48)
k

so that an eigenvalue only exists inside each interval [e™", ¢l3X], The shooting
procedure used to locate the eigenvalues inside the intervals can be either one-
directional (outward) or two-directional with a matching point in the middle. For
the solution of the Schrédinger equation, the two-directional shooting is usually
recommended (see, e.g., Fox [24] and Cooley [29]). Yet, we used the one-directional
outward shooting technique and for both potentials the present SF-PNM produced
highly accurate results.

The eigenvalues are preduced by bisection: observing that for each interval
[ein | eMaX] entering Eq. (48) the following inequality holds,

Fr,, &™) F(r, , e2™) < 0, (49)

the energy interval [e", '®X] js halved and (49) is used to choose the half-
interval containing the eigenvalue, until the condition

g™ — e <l 4 e (50)

is fulfilled. Here, 7 is the relative error which enters Eq. (6).

The quantities &, , & , {,, which enter the algorithm (33) are related, in fact to
trigonometric or hyperbolic cosine and sine respectively. They make, however, the
SF-PNM relatively slow. The method becomes sensibly faster, especially at small
step sizes, provided power series are suitably used for these quantities at small
values of the product wh.

The eigenvalues of the potentials (41) and (43) respectively were obtained, in
single precision, on an IBM 370/135 computer at the Institute of Atomic Physics,
Bucharest, and on a CDC 3800 computer at the Computing Centre of the
University of Geneva. On the IBM computer, the relative accuracy in the numerical
results, Egs. (6') and (50), was required to be

n=2"~95 x 107, (51a)

whereas on the CDC computer we have taken
n =2"%~292 x 10711, (51b)
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In the following, the results obtained on the CDC computer will be reported, for
the better precision (51b) allowed us to give a clear proof of the O(#%) rate of
convergence of the PN algorithm (33).

C. Numerical Results and Discussion

In our computations, we intended, first, to give an experimental proof for the
fourth order of accuracy of the SF-PNM which was predicted by the error analysis,
and second, to make evident the remarkable constancy of the numerical results
produced by the present PN procedure in the limit of the very small step sizes,
which is in strong contrast with the behavior of the results produced by the
Numerov method. With these aims in mind, we have adopted the easy way of
considering equally spaced mesh points for both methods,

r; = rq -+ ih, i=12,..,n (52)

In a first version of the numerical program, the asymptotic numerical region was
characterized, for all the energy range [emin , emax], Eqs. (47), by a single cut off
., Eq. (6"), determined from

| u(r,)] <7 emax|- (53)
The length of the finite domain
[ro =10, r,] (54)

was then obtained as a multiple of the step size /4 (Table III). The Eq. (53) seriously
overestimates the numerical asymptotic region for the energies e well below emax ,
thus leading to useless supplementary computations. A more realistic approxima-
tion of the numerical asymptotic region is ensured by the equations

lu(ra()l <7mlee™), k=012, (35)

where the energies e7?* are defined by Eq. (48). The implementation of the cri-
terion (55) in the numerical program ensured an automatic adjustment of the
asymptotic region to each eigenvalue label (Table IV) and resulted in a decrease
of the computing time of 10-17 % for both SF-PN and Numerov methods.

Eigenvalues e,(l, #; ) obtained on the CDC 3800 at various step sizes 4 by means
of the present SF-PNM (/ = 1) and of the Numerov method ( = 2) are collected
in Tables V to VIII. Besides the eigenvalues the numerical program yielded also the
absolute errors

A0, ;) = e, — ey(l, by ) (56)

and the relative errors

exll by ) = 4, h; ey . (57)

581/22/1-2
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TABLE III

The Length r, of the Domain [0, ), Eq. (54),
Computed According to the Criterion (53)
at Various Step Sizes

1 1 1 1 1

e 1 - —
128 256

N s
Bl
[~
—_
=N
[
)
=
N

x:
f for 25 49 97 194 388 775 1550 3099 6198

the optic — — — - —_ -/ il i
pi T 2 ¥ & 16 32 e 128 2%
potential
r, for

47 92 184 367 733 1465 2928 5855 11,709

the Morse —_— = — = = = —
A 1 2 4 8 16 32 64 128 256

potential

= The step size 4 and the length r, are measured in fermis for the optic potential (41)-(42), and
in Angstroms for the Morse potential (43), (45).

TABLE IV

Variation of the Length r, of the Domain [0, r,], Eq. (54), with the Eigenvalue Label when
Computed according to the criterion (55)°

Eigen-
value 0 1 2 3 4 5 6 7 8
label

r, for
the optic 5354 5357 5363 5374 5381 5393 5410 5429 5451

potential

r, for
the Morse 9265 5303 9346 9389 9438 9487 9544 9601 9662

potential

9 10 11 12 13 14 15 16 17 18

5477 5508 5558 5632 5783 — — — — -
9737 9811 9906 10001 10110 10267 10430 10734 11130 11709

o Values obtained at the step size # = 1/256. Results are given in units A.
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TABLE V

Some of the Eigenvalues Produced by the Present SF-PNM, on the Computer CDC 3800, for the
Optic Potential (41)-(42). Absolute Errors, Eq. (56), are Given in Parantheses as Yielded by
the Computer

h € e, ey

1 —49.457 824 948 —48.140 665 367 —46.261 311 078
(36 222) (—7 765 052) (—29 442 876)

1/2 —49.457 793 813 —48.147 904 495 —46.288 499 895
(5 085 (—525 924) (—2 254 059)

1/4 —49.457 789 108 —48.148 397 092 —46.290 606 025
1/0 —eZ.A07 100 100 40,140 4L0 OOV THVLIV 1994 ITT
(25) (—2089) (—9 355)

1/16 —49.457 788 729 —48.148 430 289 —46.290 753 369
3 (— 129) (— 586)

1/32 —49.457 788 728 —48.148 430 410 —46.290 753 918
1 -8 (—36)

1/64 —49.457 788 728 —48.148 430 419 —46.290 753 951
1¢))] ¢Y)] (-3)

1/128 —49.457 788 728 —48.148 430 419 —46.290 753 953
1) ()] -1

1/256 —49.457 788 728 —48.148 430 419 —46.290 753 955
o o o

1/512 —49.457 788 728 —48.148 430 419 —46.290 753 955
@ 6y 0)]

h € ey €

1 —34.387 609 285 —30.777 641 642 —26.916 460 263
(—284 703 921) (—134 605 846) (43 011 348)

1/2 —34.647 552 607 —30.879 676 489 —26.833 752 744
(—24 760 597) (—32 570 998) (—39 696 171)

1/4 —34.670 336 790 —30.909 476 468 —26.869 823 491
(—1976 414) (—2 771 019) (—3 625 424)

1/8 —34.672 181 651 —30.912 059 798 —26.873 198 490
(— 131 554) (— 187 689) (— 250 426)
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TABLE V {continued)

h e e, €
1/16 —34.672 304 852 —30.912 235 517 ~—26.873 432 864
(—8353) ( —11970) (—16 052)
1/32 —34.672 312 681 —30.912 246 735 —26.873 447 905
(— 524) (— 753) (—1010)
1/64 —34.672 313 172 —30.912 247 440 —26.873 448 853
(—33) (—48) (—63)
1/128 —34.672 313 204 —30.912 247 484 —26.873 448 911
(-1 (—4) (—4)
1/256 —34.672 313 204 —30.912 247 486 —26.873 448 915
(-1 (-0 ©)
1/512 —34.672 313 206 —30.912 247 489 —26.873 448 917
(Y] ) €y
h €y €12 €13
1 —12,797 804 055 —8.406 952 076 1 —4.338 717 8709
(—639 064 985) (—269 129 594 3) (430 485 390 0)
1/2 —13.395 408 026 —8.619 235031 8 —3.898 413 425 8
(—41 461 014) (—56 846 638 7) (—98190551)
1/4 —13.431 217 846 —8.670 346 557 6 —3.902 972 226 3
(—5651194) (—57351128) (—5 260 254 6)
1/8 —13.436 446 940 —8.675 636 700 8 —3.907 802 612 3
(— 422 100) (— 444 969 6) (— 429 868 6)
1/16 —13.436 841 439 ~8.676 052 298 9 —3.908 203 750 7
(—27 600) (—29 371 6) (—287301)
1/32 —13.436 867 294 --8.676 079 808 3 —3.908 230 653 8
(—1746) (—18622) (—18270)
1/64 —13.436 868 930 —8.676 081 552 6 —3.908 232 365 6
(—110) (—~ 117 8) (—1153)
1/128 —13.436 869 032 —8.676 081 662 1 - —3.908 232472 4
(-8 (-84 (-85
1/256 —13.436 869 038 —8.676 081 668 1 —3.908 232479 7
(-2 (=23 (12
1/512 —13.436 869 039 —8.676 081 670 4 —3.908 2324799
(—1) (©)] (—9
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TABLE VI

Eigenvalues Produced for the Same Potential by the Numerov Method

19

h €y € €

1/4 —49.457 792 541 —48.148 516 677 —46.291 382 801
(3 814) (86 258) (628 847)

1/8 —49.457 788 967 —48.148 435 788 —46.290 792 966
239) (5 369) (39 012)

1/16 —49.457 788 747 —48.148 430 759 —46.290 756 391
20) (340) (2 437)

1/32 —49.457 788 739 —48.148 430 461 —46.290 754 118
(12) 42) (165)

1/64 —49.457 788 769 —-48.148 430 461 —46.290 754 002
42) (42) (48)

1/128 —49.457 788 892 —48.148 430 568 —46.290 754 098
(165) (150) (144)

1/256 —49.457 789 414 —48.148 431 135 —46.290 754 621
(686) 716) (668)

1/512 —49.457 791 609 —48.148 433 078 —46.290 756 166
(2 882) 2 659) (2212

h €g €q €g

1/4 —34.715 357 745 —30.995 496 921 —27.021 562 100
(43 044 540) (83 249 434) (148 113 185)

1/8 —34.674 930 910 —30.917 277 758 —26.882 336 402
(2 617 705) (5 030 271) (8 887 487)

1/16 —34.672 475 677 —30.912 559 177 —26.873 998 627
(162 472) (311 690) (549 712)

1/32 —34.672 323 355 —30.912 266 937 —26.873 483 190

(10 150)

(19 450)

(34 275)
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TABLE VI (continued)

h €s e, e
1/64 —34.672 313 899 —30.912 248 744 —26.873 451 095
(694) (1256) (2 180)
1/128 —34.672 313 420 —30.912 247 696 —26.873 449 241
215) (209) (326)
1/256 —34.672 313 879 —30.912 247 989 —~26.873 449 551
(673) (502) (636)
1/512 —34.672 315 937 —30.912 250 195 —26.873 451 421
21732) (2 708) (2 506)
h €11 €12 €13
1/4 —14.012 672 983 —9.492 509 507 1 —5.002 697 955 4 —0.677
(575 803 943) (816 427 836 7) (1.094 465 474 5)  (spurious)
1/8 —13.470 554 122 —8.723 295 495 4 —3.970 499 419 1
(33 685 082) (47 213 824 9) (62 266 938 3)
1/16 —13.438 939 919 —8.678 977 610 1 —3.912041 879 7
(2 070 879) (2 895939 6) (38093989)
1/32 —13.436 997 948 —8.676 261 834 3 —3.908 469 3356
(128 908) (180 163 9) (236 854 8)
1/64 —13.436 877 127 —8.676 092 962 3 —3.908 247 313 9
(8 087) (11 291 8) (14833 1)
1/128 —13.436 869 709 —8.676 082 563 1 —3.908 233 613 2
(669) (8927) (11324)
1/256 —13.436 869 800 —8.676 082 419 7 —3.908 233 294 7
(760) (749 2) (813 9)
1/512 —13.436 871 344 —8.676 084 654 9 —3.908 235 503 8

(2 304)

(2984 4)

(30230




TABLE VII

Some of the Eigenvalues Produced by the Present SF-PNM, on the Computer CDC 3800, for the
Morse Potential (43), (45). Absolute Errors, Eq. (56), are Given in Parantheses as Yielded by the

Computer
h ey e e,
1 —170.670 815 53 —152.816 310 06 —131.171 864 06
(—8.127 722 81) (—7.467 115 57) (—11.608 196 28)
1/2 —178.109 506 50 —159.100 691 43 —141.669 308 54
(—689 031 85) (—1.182 734 20) (—1.110 751 81)
1/4 —178.748 202 27 —160,152 906 51 —142.599 626 95
(—50 336 09) (—130 519 11) (—180 433 39)
1/8 —178.795 178 78 —160.,274 014 89 —142.765 950 55
(—3 359 56) (—9 410 74) (—14 109 79)
1/16 —178.798 324 90 —160,282 815 84 —142.779 126 52
(— 213 45) (— 609 79) (— 933 83)
1/32 —178.798 524 96 —160.283 387 18 —142.780 001 14
(—13 39) (—3845) (—59 20)
1/64 —178.798 537 51 —160.283 423 22 —142.780 056 63
(— 83) (—241) (=370
1/128 —178.798 538 30 —160.283 425 48 —142.780 060 11
(-9 (—15) (—23)
1/256 —178.798 538 35 —160.283 425 62 —142.780 060 33
0) -1 (-0
1/320 —178.798 538 36 —160.283 425 63 —142.780 060 34
4y ©) ©)
h é; €y €y
1 —72.080 957 568 —59.018 884 891 —48.907 424 317
(1.651 512 133) (12 320 133) (321 992 802)
1/2 —68.150 454 517 —56.854 593 577 —47.184 817 221
(—2.288 990 917) (—2.151 971 181) (—1.400 614 295)
1/4 —70.220 633 869 —58.792 524 833 —48.384 968 629
(—218 811 566) (—214 039 925) (—200 462 887)
1/8 —70.416 512 862 —58.983 954 312 —48.563 625 034
(—22 932 572) (—22 610 446) (—21 806 482)
1/16 —70.437 787 998 —59.004 907 986 —48.583 813 590
(—1 657 436) (—1 656 772) (—1 617 925)
1/32 —70.439 337 965 —59.006 456 948 —48.585 325 895
(— 107 469) (— 107 809) (— 105 621)
1/64 —70.439 438 656 —59.006 557 950 —48.585 424 842
(—6778) (—6 807) (—6 674)
1/128 —70.439 445 011 —59.006 564 332 —48.585 431 098
(— 423) (— 426) (— 417)
1/256 —70.439 445 410 —59.006 564 730 —48.585 431 490
(—24) (=27 (—26)
1/320 —70.439 445 425 —59.006 564 749 —48.585 431 507

(-9 =8 -9




TABLE VII (continued)

h €11 €12 €13
1 —31.728 230 206 —24.303 395 312 —18.776 196 156
(949 822 868) (910 878 911) (1.757 823 256)
1/2 -~30.698 952 713 —23.603 254 889 —17.417 297 022
(—79 454 625) (210 738 488) (398 924 122)
1/ —30.651 969 946 —23.300 086 926 —16.942 679 621
(—126 437 392) (—92 429 476) (—75 693 279)
1/8 —30.759 384 130 —23.375 356 405 —17.003 323 364
(—19 023 207) (—17 159 997) (—15 049 536)
1/16 —30.776 965 664 —23.391 204 489 —17.017 213 618
(—1441 674) (—1 311 913) (—1 159 282)
1/32 —30.778 312 700 —23.392 430 083 —17.018 296 475
(--94 638) (—86 318) (—76 425)
1/64 —30.778 401 350 —23.392 510 936 —17.018 368 059
(—5988) (—5465) (—4 841)
1/128 —30.778 406 961 —~23.392 516 058 —17.018 372 596
(— 376) (— 343) (— 304)
1/256 —30.778 407 315 -~23.392 516 380 —17.018 372 880
(—23) (—21) (—20)
1/320 —30.778 407 329 —23.392 516 392 —17.018 372 894
(-8 (=9 (-5
h €18 €17 €18
1 —4.,510 719020 9 —2.022 165 5159 —0.494 954 823 11
(544292015 7) (382892272 4) (171 087 906 11)
12 —4.175 1323657 —1.771 794 866 4 —0.382 314 537 65
(208 705 360 5) (132 521 622 8) (58 447 620 66)
1/4 —3.911 096 833 8 —1.600 316 312 3 —0.305 824 068 10
(—553301713) (—38 956 931 2) (—18 042 848 90)
1/8 —3.958 768 976 5 —1.634 307 529 5 —0.321 650 899 41
(~7 658 028 6) (—4965714 1) (—2216 017 59)
1/16 —3.965 827 843 2 —1.638 883 567 8 —0.323 692 596 63
(—599 161 9) (— 3896757 (— 174 320 36)
1/32 —3.966 387 344 5 —1.639 247430 5 —0.323 855364 11
(—39 660 5) (—25813 1) (—11 552 88)
1/64 —3.966 424 490 1 —1.639 271 606 2 —0.323 866 184 19
(—25150) (—~16373) (— 732 81)
1/128 —3.966 426 847 0 —1.639 273 140 9 —0.323 866 870 99
(— 158 0) (— 102 6) (—46 00)
1/256 —3.966 426 995 1 —1.639 273 236 8 —0.323 866 914 10
(—100) (—675) (—2 90)
1/320 —3.966 427 001 5 —1.639 273241 0 —0.323 866 915 99
(=35 (—25) (—100)
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TABLE VIII
Figenvalues Produced for the Same Potential by the Numerov Method

h € ey €2
1/8 —178.800 305 91 —160.294 355 29 —142.814 490 43
(1765 61) (10 929 66) (34 430 09)
1/16 —178.798 647 03 —160.284 094 54 —142.782 155 56
(108 68) (668 91) (2095 22)
1/32 — 178,798 545 14 —160.283 467 23 —142.780 190 48
679 (41 60) (130 14)
1/64 —178.798 538 80 —160.283 428 26 —142.780 068 52
45) (2 63) 817
1/128 —178.798 538 48 —160.283 425 97 —142.780 061 02
13) 34 (68)
1/256 —178.798 538 77 —160.283 426 18 —142.780 061 01
“2) (55) (66)
1/320 —178.798 539 12 —160.283 426 70 —142.780 061 46
an aon 112
h ey €g €y
1/8 —70.831 786 699 —68.415 ...
(392 341 265) (spurious) (spurious)
1/16 —70.462 453 157 —59.034 573 641 —48.617 779 851
(23 007 723) (28 008 883) (32 348 335)
1/32 —70.440 864 563 —59.008 290 210 —48.587 421 939
(1 419 129) (1 725 453) (1 990 423)
1/64 —70.439 533 907 —59.006 672 287 —48.585 555 492
(88 474) (107 530) (123 976)
1/128 —70.439 451 120 —59.006 571 650 —48.585 439 402
(5 687) (6 893) (7 886)
1/256 —70.439 446 494 —59.006 565 647 —48.585 432 653
(1 060) (889) (1 136)
1/320 —70.439 446 326 —59.006 566 040 —48.585 432 783
(892) (1 282) (1267)
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TABLE VII (continued)

h €11 €12 €13
1/16 —30.815 990 889 —23.430 448 876 —17.054 934 234
(37 583 550) (3